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ABSTRACT
In this paper, we provide a concrete and explicit decomposition of the
quaternion group algebra through a suitable basis of the algebra. Thanks
to this basis, the idempotent elements and the units of the algebra as well
as the matrix representations of the group algebra are determined there-
after. The description of the quaternion group algebra through this basis
then gives rise to a one-to-one correspondence between the representa-
tions of the quaternion group and the representations of the quatern-
ion algebra.
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1. Introduction
Let Q8 be the quaternion group and let K½Q8 be the group algebra of Q8 over a field K. We
assume throughout this paper that the characteristic of K is different from 2. The Maschke’s the-
orem shows that K½Q8 is a semisimple K-algebra, and therefore K½Q8 has an Artin-Wedderburn
decomposition as a direct sum of simple K-algebras. So far, instead of a concrete and explicit
decomposition, it has been known that K½Q8 must be isomorphic to an algebra of form
K  K  K  K  H where H is a quaternion algebra and the copies of K come from the one
dimensional characters of Q8 (cf. [11]). Note that the decomposition of K½Q8 as a direct sum of
its own simple ideals is unique, the isomorphic version of the decomposition is certainly not a
complete satisfaction for describing the group algebra and its applications. For instance, the iso-
morphic decompositions of K½Q8 can neither identify the ideals of the algebra nor determine the
idempotent elements since an explicit decomposition is missing. The first result of this paper is
to establish a concrete and explicit decomposition of K½Q8 through a suitable basis of the algebra.
This decomposition is formulated at the beginning of Theorem 1. The appropriately selected basis
for the decomposition makes it possible to determine the idempotent elements and the invertible
elements of K½Q8 all at once as showed by the rest part of Theorem 1. Still based on this basis
we describe then the K½Q8-modules as well as the related matrix representations of the quatern-
ion algebras, this is done by Theorem 2. One of the advantages of a concrete decomposition of
K½Q8 is that it provides immediately an explicit construction of the representations of the group
Q8 (see Proposition 3.1), though there are various other ways to present those representations. As
an example, we apply the structure of the group algebra to describe a connection between the
real and the complex representations of the group Q8.
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The quaternion group and the quaternion algebra have been well studied for long, mostly in
separate circumstances (cf. [7]). The studies for the representations of the quaternion group and
those of the quaternion algebras are even further separated (cf. [5,13,12,2,4]). Another result of
this paper is the description of a one-to-one correspondence between the group representations
and the algebra representations of the quaternions by using the explicit decomposition of the
quaternion group algebra and its module application (cf. Theorem 2), as one can find in
Theorem 3.
2. The quaternion group algebra
We start with a description of the group algebra of the quaternion group Q8. This group is pre-
sented classically by generators and relations as
Q8 ¼ <1; i; j; kj 1ð Þ2 ¼ 1; i2 ¼ j2 ¼ k2 ¼ ijk ¼ 1>
where 1 stands for the identity element of Q8. For each element h 2 fi; j; kg, denote by –h the
product ð1Þ  h in Q8. Then Q8 ¼ f61;6i;6j;6kg. Denote by Qþ8 the subset f1; i; j; kg of Q8.
Let K be a field with characteristic different from 2 and let K½Q8 be the group algebra of Q8 over
K. In K½Q8 we set
x1 ¼ 1þ 1ð Þ þ iþ ið Þ þ jþ jð Þ þ k þ kð Þ
xi ¼ 1þ 1ð Þ þ iþ ið Þj jð Þk kð Þ
xj ¼ 1þ 1ð Þi ið Þ þ jþ jð Þk kð Þ
xk ¼ 1þ 1ð Þi ið Þj jð Þ þ k þ kð Þ
yh ¼
1
2
h hð Þ½ ; 8h 2 Qþ8 :
Lemma 2.1. The set fxh; yhj8h 2 Qþ8 g is a basis for the vector space K½Q8.
Proof. One can check that the coefficient matrix of xh and yh for all h 2 Qþ8 is nonsingular since
the characteristic of K is not 2. w
The structure of K½Q8 depends on some characters of the field K, one of them is the level of
K, as we shall see in the following theorem. Recall that the level of a field is by definition the least
number of squares that sum to 1 in the field. If 1 can not be written as a sum of finite many
squares in K, the level of K is defined as infinite. We denote by ‘ðKÞ the level of K. For instance,
‘ðKÞ  2 if K is of odd characteristic or a local field of odd residue characteristic while ‘ðKÞ ¼
1 for K a real field (cf. [6, p. 380]).
Theorem 1. Let Y be the K-subspace of K½Q8 generated by fyhj8h 2 Qþ8 g.
1. The group algebra K½Q8 has an Artin-Wedderburn decomposition
K Q8½  ¼ Kx1  Kxi  Kxj  Kxk  Y (1)
where all the summands on the right side are minimal two sided ideals. In particular, Y is a qua-
ternion algebra of type ð1;1K Þ with y1 the identity element.
2. All the summands on the right side of the above decomposition are irreducible K½Q8-submod-
ules if ‘ðKÞ>2. If ‘ðKÞ  2;K½Q8 has a module decomposition as a direct sum of irreducible sub-
modules
K Q8½  ¼ Kx1  Kxi  Kxj  Kxk  Ye  Y y1eð Þ (2)
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where e ¼ 12 y1 þ byi þ cyj þ dyk for arbitrary b; c; d 2 K such that b2 þ c2 þ d2 ¼  14. Moreover,
the submodules Ye and Yðy1eÞ are isomorphic to each other, and
dimKYe ¼ dimKY y1eð Þ ¼ 2: (3)
3. The idempotent elements of K½Q8 are(
1
8
 X
8h2Qþ8
dhxh
!
þ dy 2 K½Q8jdh; d 2 0; 1f g; 8y 2 IdemY [ y1f g
)
(4)
where IdemY is the set of non-trivial idempotent elements of Y. In precise, IdemY ¼1 for
‘ðKÞ>2 and, if ‘ðKÞ  2,
IdemY ¼ 1
2
y1 þ byi þ cyj þ dyk 2 Yjb2 þ c2 þ d2 ¼ 
1
4
 
: (5)
4. The multiplicative invertible elements of K½Q8 areX
8h2Qþ8
ahxh þ bhyh
  2 K Q8½ j8ah 2 K; bh 2 K; X
8h2Qþ8
b2h 6¼ 0
( )
(6)
where K is the multiplicative group of K. Moreover, the center of K½Q8
is Kx1  Kxi  Kxj  Kxk  Ky1.
For the proof of this theorem, we need the following properties.
Lemma 2.2. Let R be an Artinian semisimple ring. A two-sided ideal I of R is minimal if and only
if the center of I is an integral domain.
Proof. Since R is Artinian semisemple, by Artin-Wedderburn theorem we have R ¼ ri¼1Ri where
r 2 N while each Ri is a minimal two sided ideal of R for 1  i  r. A two sided ideal I of R
therefore has to be of form j2JRj for a subset J  f1; :::; rg. Denote by CðRjÞ the center of Rj for
each j 2 J. Then the center of I is of form j2JCðRjÞ. Note that each CðRjÞ is an integral domain
since Rj is simple Artinian for j 2 J. Hence the center of I is an integral domain if and only if
jJj ¼ 1, that is I¼Rj for a j 2 f1; :::; rg. w
Lemma 2.3. For each element h 2 Qþ8 ;Kxh is a minimal left, as well as right, ideal of K½Q8.
Proof. Following the definition of xh for h 2 Qþ8 , we have for each element g 2 Q8
gxh ¼ xh ¼ xhg
where  ¼ 61 2 K. This implies that
K Q8½   xh ¼ Kxh ¼ xh  K Q8½ ; 8h 2 Qþ8 :
Hence Kxh is a two-sided ideal. In particular, Kxh is a commutative integral domain for each
h 2 Qþ8 since
axh  bxh ¼ 8abxh; 8a; b 2 K:
Hence by Lemma 2.2 Kxh is a minimal two sided ideal of K½Q8. Moreover, it is obvious that
Kxh is also a minimal ideal from the left side as well as from the right side for all h 2 Qþ8 . w
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Lemma 2.4. The subspace Y generated by fyhj8h 2 Qþ8 g is a minimal two-sided ideal of K½Q8.
Moreover, the center of Y is Ky1.
Proof. Given an element h 2 Qþ8 , one can easily check that
hy1 ¼ yh ¼ y1h (7)
and, since h ¼ ð1Þh 2 Q8 and ð1Þyh ¼ yh,
hð Þy1 ¼ yh ¼ y1 hð Þ: (8)
Note that Q8 ¼ Qþ8 [ fhj8h 2 Qþ8 g. The identities (7) and (8) imply that for all g 2 Q8
gyh ¼ ghð Þy1 2 Y; 8h 2 Qþ8
and that
yhg ¼ y1 hgð Þ 2 Y; 8h 2 Qþ8 :
This yields
K Q8½ Y ¼ Y ¼ YK Q8½ :
Hence Y is a two-sided ideal of K½Q8. Since for two different elements h and h0 of fi; j; kg it
always holds hh0 ¼ h0h, we have by the identity (7) that
yhyh0 ¼ hy1h0y1 ¼ hh0y1 ¼ h0hy1 ¼ h0y1hy1 ¼ yh0yh: (9)
This implies that for arbitrary a1; ai; aj; ak 2 K,
yi a1y1 þ aiyi þ ajyj þ akyk
  ¼ a1y1 þ aiyiajyjakyk yi
yj a1y1 þ aiyi þ ajyj þ akyk
  ¼ a1y1aiyi þ ajyjakyk yj
yk a1y1 þ aiyi þ ajyj þ akyk
  ¼ a1y1aiyiajyj þ akyk yk:
Therefore an element a1y1 þ aiyi þ ajyj þ akyk belongs to the center of Y if and only if
ai ¼ aj ¼ ak ¼ 0. Hence the center of Y is Ky1. Note that Ky1 is an integral domain since ay1 
by1 ¼ aby1 for arbitrary a; b 2 K. In consequence Y is a minimal ideal of K½Q8 by Lemma 2.2. w
Lemma 2.5. The K-algebra Y has an identity element which is y1. Moreover, an elementP
8h2Qþ8 ahyh 2 Y is invertible in Y if and only if
P
8h2Qþ8 a
2
h 6¼ 0.
Proof. It is obvious that y1 is the identity element of Y. It is easy to check that
yiyj ¼ yk; yjyk ¼ yi; ykyi ¼ yj: (10)
This implies that
a1y1 þ aiyi þ ajyj þ akyk
 
a1y1aiyiajyjakykð Þ ¼
X
8h2Qþ8
a2h
 !
y1:
Hence
P
8h2Qþ8 ahyh has a multiplicative inverse if and only if
P
8h2Qþ8 a
2
h is invertible. w
Proposition 2.1. As a submodule of K½Q8, Y is irreducible if and only if ‘ðKÞ>2.
Proof. Suppose that ‘ðKÞ>2. The Pfister theorem (cf. [9, 14, p. 71]) shows that ‘ðKÞ, if finite, has
to be a power of 2. This means that either ‘ðKÞ  4 or ‘ðKÞ ¼ 1. In both cases, an equation of
the form
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a2 þ b2 þ c2 þ d2 ¼ 0;for a;b;c;d 2 K
means that a ¼ b ¼ c ¼ d ¼ 0. This implies that each non-zero element of Y must be invertible
by Lemma 2.5, which means that Y is a division ring. Hence Y has to be an irreducible submod-
ule of K½Q8.
If ‘ðKÞ  2, there exist elements a; b 2 K such that a2 þ b2 ¼ 1. Then one can easily check
that e ¼ 12 y1 þ a2 yi þ b2 yj is a non-trivial idempotent element of Y and that Ye is a proper sub-
module of Y by [1, p. 95]. This means that Y is not irreducible. w
The idempotent elements of Y plays a crucial role in the structure of Y as well as in that of
K½Q8. Let IdemY be the set of non-trivial idempotent elements of Y. Note that y1 is a non-triv-
ial idempotent element of K½Q8, yet it is trivial idempotent in Y since it is the identity element
of Y, hence y1 62 IdemY . The following corollary is obvious.
Corollary 2.1. The set IdemY is non-empty if and only if ‘ðKÞ  2.
The above corollary shows that the structure of Y can be varied, subject to ‘ðKÞ being less or
greater than 2. In particular, we refer to [3] and [6, p. 381] for the case where ‘ðKÞ  2.
Proposition 2.2. If ‘ðKÞ  2, then
IdemY ¼ 1
2
y1 þ byi þ cyj þ dyk 2 Yj 8b;c;d 2 K;b2 þ c2 þ d2 ¼ 
1
4
 
:
Proof. It is easy to check that the elements of form 12 y1 þ byi þ cyj þ dyk are non-trivial idempo-
tents if b2 þ c2 þ d2 ¼  14. On the other hand, suppose y ¼ ay1 þ byi þ cyj þ dyk 2 IdemY .
Since y is not multiplicative invertible in Y, it comes from Lemma 2.5 that
a2 þ b2 þ c2 þ d2 ¼ 0:
This leads to
y2 ¼ a2b2c2d2ð Þy1 þ 2a byi þ cyj þ dyk
 
¼ 2a ay1 þ byi þ cyj þ dyk
  ¼ 2ay:
Since y is idempotent and y 6¼ 0, the above identity implies that a 6¼ 0 and consequently a ¼ 12.
Finally one can check that an element of form 12 y1 þ byi þ cyj þ dyk is idempotent only if
b2 þ c2 þ d2 ¼  14. w
Remark. The above property, apart from the utility for developing our main results, provides
also an easy way to calculate the number of the idempotents of a quaternion algebra. In particular
when K is a prime field, one may check with [8, Th.2.2]
Proposition 2.3. If ‘ðKÞ  2, then Ye is an irreducible left Y-module for each e 2 IdemY.
Moreover, dimKYe ¼ 2 and
Ye ffi Ye0; 8 e; e0 2 IdemY: (11)
Proof. It follows from Proposition 2.2 that in IdemY there is no element can be written as a sum
of other two. This means that every idempotent element in IdemY is primitive. Hence Ye is
indecomposable [1, p. 97] and therefore irreducible for each e 2 IdemY since Y is a semisimple.
Moreover, it follows from Lemma 2.4 that Y is a 4-dimensional simple K-algebra. Thus the irre-
ducible Y-module is unique up to isomorphism. Hence every irreducible Y-module is isomorphic
to Ye for an element e 2 IdemY . In particular, for arbitrary e; e0 2 IdemY , the modules Ye and
Ye0 are isomorphic to each other. Again it comes from Proposition 2.2 that for each e 2 IdemY ,
COMMUNICATIONS IN ALGEBRAVR 5
the pair fe; y1eg is complete primitive since y1 is the identity element of Y. Therefore we have
a decomposition of Y into a direct sum of irreducible submodules
Y ¼ Ye  Y y1eð Þ: (12)
Since Ye and Yðy1eÞ are isomorphic to each other, we have
dimKYe ¼ dimKY y1eð Þ (13)
which implies that
dimKYe ¼ 12dimKY ¼ 2: (14)
Proof of Theorem 1. The Artin-Wedderburn decomposition (1) in Theorem 1 is a direct conse-
quence of Lemma 2.1, Lemma 2.3, and Lemma 2.4. In particular, Lemma 2.4 shows that Y is a 4-
dimensional simple central K-algebra. Therefore it is a quaternion algebra by [10, p. 236]. Note
that Y has a K-basis fyhj8h 2 Qþ8 g and that y1 is the identity element of Y. We have
y2i ¼ y2j ¼ y2k ¼ y1 (15)
and by the identities (9) and (10)
yiyj ¼ yk ¼ yjyi: (16)
Hence Y is a quaternion algebra of the type ð1;1K Þ.
The second property of Theorem 1 follows from the fact that, if ‘ðKÞ>2, the summands in the
Artin-Wedderburn decomposition (1) of K½Q8 are also irreducible submodules as showed in
Lemma 2.3 and proposition 2.1. When ‘ðKÞ  2, Proposition 2.3 and the ring decomposition (1)
imply that Ye is still irreducible as a K½Q8-submodule for all e 2 IdemY . Hence the module
decomposition (2) in Theorem 1 follows from Proposition 2.2 and the identity (12). Moreover,
the isomorphism between the K½Q8-modules Ye and Yðy1eÞ as well as the identity (3) come
from the identities (11), (13), and (14).
Now we come to determine the idempotent elements of K½Q8. It is clear that the elements of
the form (4) in Theorem 1 are idempotent. On the other hand, the Artin-Wedderburn decompos-
ition (1) implies that an element
P
8h2Qþ8 ahxh þ y 2 K½Q8, where y 2 Y , is idempotent only if
both ahxh and y are idempotent for each h 2 Qþ8 . Note that ahxh 2 Kxh is idempotent only if ah ¼
1
8 or 0 for all h 2 Qþ8 . Then it follows from Corollary 2.1 and Proposition 2.2 that an idempotent
element has to be of the form (4) while IdemY must be of the form (5) as claimed by Theorem 1.
The Artin-Wedderburn decomposition (1) implies that an elementX
8h2Qþ8
ahxh þ
X
8h2Qþ8
bhyh 2 K Q8½ ; for ah;bh 2 K
is invertible if and only if ahxh is invertible in Kxh for all h 2 Qþ8 together with
P
8h2Qþ8 bhyh
invertible in Y. Note that Kxh is a field with the identity element 18 xh for all h 2 Qþ8 . Therefore
ahxh is invertible in Kxh if and only if ah 6¼ 0. Meanwhile, a sufficient and necessary condition
for
P
8h2Qþ8 bhyh being invertible in Y is
P
8h2Qþ8 b
2
h 6¼ 0 as showed by Lemma 2.5. Hence the
invertible elements of K½Q8 must be of the form (6). Finally, if we denote by C(R) the center of
a ring R, then the decomposition (1) and Lemma 2.4 yield
C K Q8½ ð Þ ¼ C Kx1ð Þ  C Kxið Þ  C Kxjð Þ  C Kxkð Þ  C Yð Þ
¼ Kx1  Kxi  Kxi  Kxk  Ky1:
Thus we complete the proof of Theorem 1. w
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Now we consider the K½Q8-modules. Let S be an irreducible K½Q8-module. Since K½Q8 is
semisimple, S is isomorphic either to Kxh for a h 2 Qþ8 or to an irreducible submodule of Y.
Then dimKS ¼ 1 for the former and dimKS>1 for the latter. The K½Q8-modules of K-dimension
1 are clear enough them self while obviously every irreducible K½Q8-module of K-dimension
greater than 1 is also an irreducible Y-module and vice versa. Now we come to describe the irre-
ducible Y-modules explicitly via the matrix representations of Y. Here for a matrix representation
we mean a K-algebra homomorphism between Y and the n
 n matrices dimnðKÞ for some
n 2 N. Consider a vector space S over K and note that S being a Y-module is equivalent to a K-
algebra homomorphism qs : Y ! EndKS, where EndKS is the algebra of K-linear transforma-
tions of S while qs is defined by
qs yð Þ½  vð Þ ¼ y  v; 8 y 2 Y; v 2 S: (17)
By fixing a K-basis of S, qs induces a matrix representation of Y over K which we still denote
by qs without confusion. Since fyi; yjg is a set of generators for Y by the identities (15) and (16),
for describing the representation in question it is enough to determine the images of yi and yj
under qs.
Theorem 2. Let S be an irreducible Y-module. There exists a K-basis of S such that the correspond-
ing matrix representation qs : Y ! MatnðKÞ, where n ¼ dimKS, is of the following form.
1. If ‘ðKÞ  2, that is 1 ¼ a2 þ b2 for some a; b 2 K, then n¼ 2 and
qs yið Þ ¼
a b
b a
 
; qs yjð Þ ¼
0 1
1 0
 
:
2. If ‘ðKÞ>2, then n¼ 4 and
qs yið Þ ¼
0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0
0BB@
1CCA; qs yjð Þ ¼
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
0BB@
1CCA:
Moreover, this is the unique irreducible matrix representation of Y over K up to conjugacy.
Proof. Suppose at first that ‘ðKÞ  2. It follows from Proposition 2.3 that S is isomorphic to Ye
for an arbitrary e 2 IdemY and that
dimKS ¼ dimKYe ¼ 2:
Without loss of generality we assume that 1 ¼ a2 þ b2 for a; b 2 K with a 6¼ 0. Consider the
idempotent element
e ¼ 1
2
y1 þ
1
2a
yi
b
2a
yj 2 IdemY
and denote by Y the quotient module Y=Yðy1eÞ. Since
Y y1eð Þ ¼ Y ay1yi þ byj
 
the decomposition (12) of Y yields
Y ¼ Y=Y ay1yi þ byj
  ffi Ye: (18)
We write the elements of Y by y for all y 2 Y . Then
yi ¼ ay1 þ byj ay1yi þ byj
  ¼ ay1 þ byj (19)
and, since yjyi ¼ yk,
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yk ¼ by1ayj þ yj ay1yi þ byj
  ¼ by1ayj : (20)
This implies that
Y ¼ Ky1 þ Kyi þ Kyj þ Kyk ¼ Ky1  Kyj : (21)
Now up to an isomorphism we may take Y in place of S, then by the identity (17) the matrix
representation qs of Y with respect to the K-basis fy1 ; yjg of Y follows from the following identi-
ties.
qs yið Þ½  y1ð Þ ¼ yi  y1 ¼ ay1 þ byj
qs yið Þ½  yj
  ¼ yi  yj ¼ by1ayj
qs yjð Þ½  y1ð Þ ¼ yj  y1 ¼ yj
qs yjð Þ½  yj
  ¼ yj  yj ¼ y1 :
This yields the required matrices of qsðyiÞ and qsðyjÞ for ‘ðKÞ  2.
Now we consider the case where ‘ðKÞ>2. It follows from Proposition 2.1 that Y is irreducible
by left multiplication and this is the unique irreducible Y-module up to isomorphism. Therefore
S is isomorphic to Y and
dimKS ¼ dimKY ¼ 4:
We take Y in place of S. Then one can check that the left multiplication results in a matrix
representation qs with respect to the basis fy1; yi; yj;ykg of Y, where the matrices qsðyiÞ and
qsðyjÞ have the required forms.
Moreover, the uniqueness of the irreducible matrix representation of Y up to conjugacy is
obvious since the irreducible Y-module is unique up to isomorphism. w
3. The representations of the quaternions
In this section, we first describe the representations of the group Q8 over K through the group
algebra K½Q8, this leads to a connection between the group representations and the algebra rep-
resentations of the quaternions at end. The decomposition of K½Q8 in Theorem 1 implies that Q8
has four nonequivalent irreducible 1-dimensional representations and one faithful irreducible rep-
resentation. In fact the irreducible submodules Kx1;Kxi;Kxj , and Kxk are in correspondence with
the 1-dimensional irreducible representations whose kernels are the subgroups Q8,
f61;6ig; f61;6jg and f61;6kg, respectively, while the unique faithful irreducible representa-
tion of Q8 comes from an irreducible submodule of Y. Since the 1-dimensional representations of
Q8 are clear enough by them self, here we focus on the faithful representations. Let q : Q8 !
GLnðVÞ be a representation of Q8 where V is a n-dimensional vector space over K. Then V is a
K½Q8-module as well as a Y-module by restriction of the coefficients.
Lemma 3.1. A representation q : Q8 ! GLnðVÞ is faithful if and only if V is a non-trivial
Y-module.
Proof. Note that every non-trivial normal subgroup of Q8 contains the element 1 2 Q8. Hence
q is faithful if and only if there exits a non-zero element v 2 V such that qð1Þv 6¼ v. In other
words, we have for some non-zero v 2 V
y1v ¼
1
2
1 1ð Þ½ v 6¼ 0:
This is equivalent to the fact that V is a non-trivial Y-module. w
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Let K0 be an extension of K. An irreducible representation qK of Q8 over K can be canonically
extended to a representation over K0 which, however, may not be irreducible. In precise, we have
the composition
Q8!qK GLn Kð Þ!
iK0
GLn K
0ð Þ
where iK0 is the immerse map induced by the extension of K to K0. Denote by qK0K the composition
iK 0qK . Recall that K is a splitting field of Q8 by definition if the extension q
K0
K of qK is irreducible for
every irreducible representation qK and for every extension K0 of K. Note that Q8 is generated by
fi; jg. For describing a representation of Q8, it is enough to write the images of those generators.
Proposition 3.1. Let K be a field of characteristic different from 2.
1. K is a splitting field of Q8 if and only if ‘ðKÞ  2.
2. Let qK : Q8 ! GLnðKÞ be a faithful irreducible representation of Q8 over K.
3. If ‘ðKÞ  2, that is 1 ¼ a2 þ b2 for some a; b 2 K, then n¼ 2 and up to conjugacy
qK ið Þ ¼ a bb a
 
; qK jð Þ ¼ 0 11 0
 
:
4. If ‘ðKÞ>2, then n¼ 4 and up to conjugacy
qK ið Þ ¼
0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0
0BB@
1CCA; qK jð Þ ¼
0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0
0BB@
1CCA:
Moreover, if K0 is an extension of K with ‘ðK 0Þ  2 and if qK0 is a faithful irreducible represen-
tation of Q8 over K0, then the extension qK0K of qK is equivalent to a direct sum of two copies of qK0 .
Proof. To prove the first assertion we show its module equivalence that, for an arbitrary field
extension K0 of K and for every irreducible K½Q8-module S, K0KS remains an irreducible
K0½Q8-module if and only if ‘ðKÞ  2, here we identify K 0½Q8 with K0KK½Q8. Note that, if
dimKS ¼ 1, then K 0KS remains always irreducible. Therefore we just need to consider the case
where dimKS>1. Suppose that ‘ðKÞ  2. Let
Y 0 ¼ K0y1 þ K 0yi þ K 0yj þ K 0yk  K 0 Q8½  (22)
and denote by IdemY 0 the set of non-trivial idempotent elements of Y 0. It comes from
Proposition 2.3 that S is isomorphic to Ye for an e 2 IdemY  IdemY 0. Since ‘ðK0Þ  ‘ðKÞ 
2;Y 0e is an irreducible K 0½Q8-module again by the same proposition. Then the irreducibility of
K0KS as an K0½Q8-module comes from the following isomorphisms of K 0½Q8-modules.
K0KS ffi K 0KYe ffi Y 0e:
On the other hand, suppose that ‘ðKÞ>2. Then S is 4-dimensional over K by Theorem 2. Let
K0 be an extension of K such that ‘ðK0Þ  2, that can be done via a quadratic extension of K for
instance. We have
dimK0K
0KS ¼ dimKS ¼ 4;
which means that K 0KS is not irreducible as an K 0½Q8-module since the irreducible
K0½Q8-modules have the K0-dimension either 1 or 2 by Theorem 2. Therefore K is not a splitting
field of Q8 if ‘ðKÞ>2.
For the proof of the second part of the proposition, we identify MatnðKÞ with EndKS where S
is a n-dimensional vector space over K. Then S is a K½Q8-module defined by
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g  v ¼ qK gð Þ½  vð Þ; 8g 2 Q8; 8v 2 S:
In particular, by Lemma 3.1 S is also an irreducible Y-module when restricting the coefficients
to Y since qK is faithful and irreducible. Therefore S is isomorphic to Y by Proposition 2.3 if
‘ðKÞ  2, where Y is defined by Eq. (18), and S is isomorphic to Y if ‘ðKÞ>2 by Proposition 2.1.
Hence n¼ 2 for the former while n¼ 4 for the latter. When ‘ðKÞ  2, up to an isomorphism we
can take Y in place of S. Then for h 2 fi; jg and for all y 2 Y ,
qK hð Þ
 	
yð Þ ¼ h  y ¼ h  y1y ¼ hy1  y ¼ yh  y ¼ qs yhð Þ½  yð Þ
where qs is the representation of Y defined in Theorem 2 by taking S the module Y . When
‘ðKÞ>2, we substitute S by Y. Then similarly we have
qK hð Þ
 	
yð Þ ¼ qs yhð Þ½  yð Þ; 8y 2 Y; h 2 i; jf g:
In both cases we obtain
qK ið Þ ¼ qs yið Þ; qK jð Þ ¼ qs yjð Þ:
Then it follows from Theorem 2 that, up to conjugacy, qKðiÞ and qKðjÞ have the form as
required by the proposition.
Moreover, suppose that ‘ðKÞ>2 with an extension K 0 satisfying ‘ðK0Þ  2. In equivalent to a
faithful irreducible representation of Q8 over K we consider an irreducible K½Q8-module S with
dimKS>1. It follows from Theorem 1 that S ffi Y . Note that the K 0½Q8-module Y 0 defined by Eq.
(22) is isomorphic to K0KY if we identity K 0½Q8 with K0YK½Q8. By Theorem 1 and
Proposition 2.3 together with Eq. (12) we have the isomorphisms of K0½Q8-modules
K 0KS ffi K0KY ffi Y 0 ¼ Y 0e0Y 0 y1e0
  ffi Y 0e0Y 0e0
for an arbitrary e0 2 IdemY 0. Then the equivalence between qK0K and the sum of two copies of
qK 0 follows from the fact that the K
0½Q8-modules K0KS and Y 0e0 are equivalent to the represen-
tations qK0K and qK 0 , respectively. Thus we complete the proof. w
The last property of the above proposition is well known in particular for K ¼ R and K 0 ¼ C.
In general the representation of the group Q8 over a field is more or less a know-how fact and it
may be approached in various way (cf. for instance [5]), yet an explicit decomposition of the
group algebra of Q8 provides a concrete structure of the representations. As an example, let’s con-
sider the complex and real representations of Q8. Both the Frobenius-Schur indicator of Q8 (cf.
[12]) and Proposition 3.1 suggest that a complex faithful irreducible representation of Q8 can not
produce a real representation simply by restricting the base field. However, the restriction from
C½Q8 to R½Q8 does provide a direct connection between the complex and real representations of
Q8 as follows.
Corollary 3.1. Each irreducible C½Q8-module is also an irreducible R½Q8-module by restriction of
the coefficients.
Proof. Let V be an irreducible C½Q8-module. The case of V being 1-dimensional over C is obvi-
ous. We only need to consider the case that dimCV ¼ 2 since ‘ðCÞ  2. Note that V is a
R½Q8-module by restriction of the coefficients and
dimRV ¼ dimRC  dimCV ¼ 4:
Denote by YR the subalgebra
P
8h2Qþ8 Ryh of R½Q8 and set
YC ¼ CRYR  CRR Q8½  ffi C Q8½ :
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Then V is a faithful YC-module by restricting C½Q8 to YC. Consider further V as a YR-module
by restriction of the coefficients, which can not be trivial. If S is a non-trivial irreducible YR-sub-
module of V, then by Theorem 2
dimRS ¼ 4 ¼ dimRV:
which means that S¼V. Hence V is irreducible as a YR-module, which implies the irreducibility
of V as a R½Q8-module. w
The above relationship can be seen more explicitly in the matrix form. Consider the canonical
ring homomorphism l : C! Mat2ðRÞ defined by
l aþ bið Þ ¼ a b
b a
 
; 8a; b 2 R:
It induces a group homomorphism el : GL2ðCÞ ! GL4ðRÞ defined by
el z1 z2
z3 z4
 
¼ l z1ð Þ l z2ð Þl z3ð Þ l z4ð Þ
 
; 8z1; z2; z3; z4 2 C; z1z4z2z3 6¼ 0: (23)
Rewrite the representation qK from Proposition 3.1 by qC for K ¼ C and by qR for K ¼ R,
respectively, meanwhile set a ¼ i and b¼ 0. Then qR and qC are standard real and complex faith-
ful irreducible representations of Q8, respectively. One can observe from Proposition 3.1 that
qR ið Þ ¼ elqC ið Þ; qR jð Þ ¼ elqC jð Þ:
Therefore
qR ¼ el  qC: (24)
In general, the complex and real matrix representations of Q8 have a relation as follows.
Corollary 3.2. Let q : Q8 ! GL2ðCÞ and q0 : Q8 ! GL4ðRÞ be two irreducible representations of
Q8 over C and over R respectively. Then there exists a matrix X 2 GL4ðRÞ such that the following
diagram commutes
where el is defined by Eq. (23) while iX is the inner automorphism of GL4ðRÞ via the conjugation
by X.
Proof. Since el  qC results in an irreducible real representation of Q8 by Eq. (24), so does el  q.
Hence el  q is equivalent to q0 by the uniqueness of the faithful irreducible real representation of
Q8. In other words, there exists a non singular real matrix X which makes the diagram commute. w
We consider at last the relation between the representations of the group Q8 and those of the
quaternion algebras. The similarity between the K-algebra matrix representations of Y and the
group representations of Q8 over K, as one can observe from Theorem 2 and Proposition 3.1,
indicates in fact an intrinsic property of the representations of quaternions.
Theorem 3. Let H be a quaternion algebra of type ð1;1K Þ and Q8  H. There exists a one-to-one
correspondence between the faithful representations of the group Q8 over K and the non-trivial
matrix representations of the K-algebra H. In precise, every faithful matrix representation of the
group Q8 over K can be extended uniquely to a matrix representation of the K-algebra H and
vice versa.
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Proof. An explicit correspondence between the irreducible representations of Q8 and those of H
comes directly from Theorem 2, Proposition 3.1 and the fact that H is isomorphic to Y. In gen-
eral this theorem follows from the fact that both the group representation of Q8 and the K-alge-
bra representation of H are completely reducible. w
Remark. We mention finally that the results as well as their proofs in this paper, for the most
part, still remain true if one takes a commutative ring containing 2 as a unit in place of the
field K.
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